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In this work the vacuum inflation with a boundary condition specified at a short-distance scale in
a generally primeval non-flat Universe, and implications of the correspondingly modified primordial
power spectrum via the WMAP three year data are investigated. We obtain a general form of the
modified primordial power spectrum including the effects of both possibly new physics scale and
the curvature term. The modulation of the primordial power spectrum due to new physics is of
the order H/Λ, where H is the Hubble parameter during inflation and Λ is the new physics scale
that is key to inflation, while the modulation from the curvature term is of the order K/k2, where
K is the space curvature before inflation and k is the comoving wave number. We add two more
parameters, which describe the effects from new physics scale and the curvature term respectively,
into the six-parameter standard model of cosmology and make a fitting analysis with the WMAP
data sets. The result shows that new physics would appear around the GUT scale and a closed
Universe before inflation is slightly favored by the data sets fittings.
PACS numbers: 98.80.Cq, 98.70.Vc
I. INTRODUCTION
Great progress achieved in observational cosmology in
the past few years has offered us an opportunity to probe
the possible trans-Planckian physics as one of high en-
ergy frontiers in the detected spectrum of cosmic mi-
crowave background radiation (CMBR) fluctuations. As
well known inflation is introduced originally to solve the
cosmic topological defects (monopoles), flatness and hori-
zon problems, and other initial problems in the early
Universe, and now it is increasingly convinced to be a
consistent picture for universe evolution by mainly CMB
experiments [1, 2]. The simple inflationary scenario pre-
dicts that a single scalar field generates adiabatic, Gaus-
sian and nearly scale invariant spectra of scalar and ten-
sor perturbations. The physics at high energy scales
is reflected in the cosmic size magnified by microscopic
quantum fluctuations during the inflation era and the
trans-Planckian physics in inflationary cosmology has
been studied and proposed to be probably detectable
[3, 4, 5, 6, 7]. In astrophysics observations the WMAP
three year data have been analyzed to constrain cosmol-
ogy models and study physics during inflation with the
primordial power spectrum [8, 9, 10]. Theoretically the
imprints of quantum fluctuations implied by a quantum
gravity theory near Planck scale, like superstring theory
is potentially detectable with more precise data like in
the upcoming Planck satellite mission, which will help
us to explore the fundamental laws of nature.
Many aspects of new physics have being studied re-
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cently, partly such as the CPT violation [11], temper-
ature of the inflation [12], modified dispersion relation
[13], noncommutative space time [14], modified uncer-
tainty principle [15], relations to dark energy [16] and
various other interesting topics [17]. In this present work
we restrict our scope to a simple but well motivated case,
that is, for the energy scale Λ, new physics emerges as a
boundary condition in the momentum space without as-
suming the specific nature of the short-distance physics.
The effect can be described by a modulation term to the
primordial power spectrum. Some versions of the mod-
ulation of the primordial power spectrum present as a
linear term [3, 4], while others show that the leading or-
der is quadratic [18, 19]. Some authors claim that the
effects are linear in H/Λ is of crucial importance to have
detectable effects [5] since H ∼ 1014 GeV during the in-
flation. In literature the non-flat pre-inflation Universe
has been studied [20, 21] and the modified primordial
power spectrum due to the curvature has been calculated
out [20] where they find that closed pre-inflation Uni-
verse can explain the observation of the lower quadrupole
anisotropy as shown by WMAP data.
In this paper, we perform a combined analysis of the
modulation to the primordial power spectrum due to
both the new physics scale and the curvature term. Fol-
lowing Danielsson’s method [3], we calculate the exact
solution of the primordial power spectrum, and then pro-
pose an approximate form with explicit physical mean-
ings. The leading order modulation to the primordial
power spectrum by new physics is a term with order of
magnitude H/Λ, where H is the Hubble parameter dur-
ing inflation and Λ is the new physics scale, important for
inflation. And the leading order modulation by curvature
is a K/k2 term, where K is the space curvature before
inflation and k is the comoving wave number. Based
2on this theoretical result, we add two more parameters,
which describe the new physics scale and the curvature
contributions, into the six-parameter standard model of
cosmology and employ the WMAP three year data to fit
globally the parameters.
This paper is organized as follows: In the next section,
we present the basic calculations of the primordial power
spectrum. In Sec III, we summarize the method and the
results obtained by Danielsson and Easther et al. In Sec.
IV, we have combined the effects of the possibly new
physics scale and the curvature term into the primordial
power spectrum. In Sec. V, we use the newly modified
primordial power spectrum to fit the WMAP data sets.
Finally, our conclusions with discussions appear in the
last section.
II. BASICS OF THE FRAMEWORK
First considering the Friedmann-Robertson-Walker
metric in the flat space geometry (K=0) as the case fa-
vored by observational data
ds2 = −dt2 + a(t)2dx2, (1)
where a(t) is the scale factor. The Hubble parameter is
defined by H = a˙/a, where the dot denotes a derivative
with respect to comoving time t. In conformal coordi-
nates the metric takes the form
ds2 = a(η)2(−dη2 + dx2), (2)
where η = − 1aH is the conformal time. By solving Ein-

























where ρ and p are respectively the globally isotropic and
homogenous energy density and the pressure for the cos-
mological fluid assumed as perfect fluid, and a prime de-
notes a derivative with respect to conformal time. The
content of the early Universe is assumed to be described
by a scalar field φ with a potential V (φ) from a funda-
mental theory, and the equation of state (EOS) can be
expressed as ρ = 12 φ˙
2 + V (φ), with p = 12 φ˙
2 − V (φ).
The equation of energy conservation or the first thermo-
dynamic law ρ˙ + 3H(ρ + p) = 0 for the scalar field is
φ¨+ 3Hφ˙+ V ′(φ) = 0.
For easy treating we use the rescale field µ that is de-






)µS,T = 0, (4)
where zS =
√
ǫa and zT = a. Here S and T denote
the scalar and tensor perturbations, respectively, and√
ǫ ≃ φ˙/H is the first slow roll parameter (we take
8π/Mp ≡ 1 for simplicity). For the detailed derivations,








In this paper, we only consider the scalar perturbations
and assume ǫ is almost constant. The primordial power








The scalar spectrum index and the running scalar spec-
trum index are defined respectively by
ns − 1 ≡ d lnP (k)
d ln k




The solution of Friedmann equations combined with
the EOS of perfect fluid is given by,
a(η) ∝ η2/(1+3w), (8)
which can be written as a(η) = η−c, if we write the EOS
parameter as w = − 13 − 23c (which is obtained by a holo-
graphic dark energy model [23]). Note that both the
power-law inflation a(t) ∝ tp and the exponential infla-
tion a(t) ∝ et in terms of comoving time correspond to a
power-law form a(η) ∝ η−c in terms of conformal time.
The case c = 1, i.e., w = −1 the cosmological constant
by definition, is the case that we are most interested in,
thus Eq. (4) is
µ′′ +
[
k2 − c(c+ 1)
η2
]
µ = 0. (9)







where the integral constants C1 and C2 are determined
by the asymptotic condition Eq. (5), and Hl(x) is the
Hankel function. Since the asymptotic condition Eq. (5)
describes a spherical wave in momentum space, we choose
the spherical Hankel function hl(x). The solution should
be u(η) = C(k)η ·h∗c(ηk). In the following we can see that
the effect of the new physics is included by a mixture of
the two terms. Thus in the general case, the primordial













The η → 0 is followed by Danielsson’s paper since we
consider the late times.
3III. DANIELSSON’S AND EASTHER ET AL.’S
RESULTS ON NEW PHYSICS
We would like to discuss the encoded effects of trans-
Planckian physics in the primordial power spectrum.
The main procedure of a general approach proposed by
Danielsson [3] is summarized as follows. The initial con-
dition is imposed when p = Λ, where Λ is the energy scale
of new physics important for inflation. We treat H/Λ as
a free parameter and fit it with observational data in the
next section. Since the comoving momentum is given by
k = ap = − ΛHk , the initial condition is
η0 = − Λ
Hk
. (12)







the quantization of the system in terms of time-












Applying a Bogoliubov transformation to mix the cre-
ation and annihilation operators at a specific conformal
time η0, we obtain










Then, µk and πk is

















(uk(η) − v∗k(η)). (17b)
The choice of vacuum
ak(η0)|0, η0〉 = 0 (18)
means that vk(η0) = 0 and πk(η0) = ikµk(η0).
We choose the linear combination of the first-order



















as the solution of Eq. (9) in the case c = 1, taking gk











|Ak|2 − |Bk|2 = 1. (21)































This result is for the gravitational wave, and one needs
to take an extra factor 1/ǫ into account for scalar per-









































where P0(k) denotes the primordial power spectrum in
Bunch-Davies vacuum. This is consistent with Daniels-
son’s result, since the sign before the modulation term is
insignificant.
IV. COMBINATION OF NEW PHYSICS AND
THE CURVATURE TERM
We further generalize the modulation of the primor-
dial power spectrum to non-flat Universe. The effects
of the curvature before inflation have been studied in
Ref. [20], which concludes that the closed pre-inflation
Universe can explain the observations of lower quadru-
ple anisotropy by WMAP data. The calculations for the
open Universe and the closed Universe are slightly differ-
ent, thus we only show the closed Universe for example.
For the detailed calculations, please see Ref. [20]. Note
that a non-zero curvature is assumed before inflation,
while the present curvature is assumed to be zero as uni-
verse large expansion. In a closed Friedmann Universe,






4where K is the curvature of the space. The scale factor























µk = 0. (28)
The general solution of this equation is given by
µk = C1
[√




























The modulation of the primordial power spectrum by





In the following we follow Danielsson’s method to en-
code the new physics scale that is important for inflation
into the primordial power spectrum for a universe with
non-zero curvature. It is easy to check that the Wron-
skian condition also gives |Ak|2 − |Bk|2 = 1. The choice
of vacuum gives
Bk =
k −√k2 +K + i√K cot(√Kη0)
k +
√









We consider the case at late times when η → 0 similar to






























which is the final result with the modulation of the pri-
mordial power spectrum in a generally closed Universe.
This can be reduced to Eq. (23), while it can not be
reduced to Eq. (31) because the methods are slightly dif-
ferent. But they are consistent up to the linear order.
By assuming that corrections from both new physics
and the curvature are very small, we can use the linear
approximation, in which, the modified primordial power
spectrum is given by












where the possibly new physics gives a ξ = H/Λ fac-
tor correction to the primordial power spectrum, and the
curvature term contributes a K/k2 term, before which
the coefficient can be absorbed in K. The physical mean-
ing is clear that: If no new physics, the asymptotic behav-
ior of the spherical Hankel function is the free spherical
wave. The cutoff due to new physics serves as a boundary
condition in momentum space, and therefore, the choice
of the vacuum leads to a mixture of the positive and neg-
ative mode states, i.e., outward- and inward-going waves
classically. The amplitude of the spherical wave in a non-
flat space will be modified and contribute a separate term
by linear approximation. The modulations of the pri-
mordial power spectrum will be magnified in the CMBR
fluctuations, which can be probed by WMAP mission
and the future PLANCK satellite observations.
V. PROBING NEW PHYSICS AND THE
CURVATURE EFFECTS BY WMAP3 DATA
Reconstructing the primordial power spectrum [24, 25,
26] from CMB experiments is an essential task to un-
derstand the early Universe physics. The commonly as-
sumed form of the primordial power spectrum is






where ns = 1 corresponds to the Harrison-Zeldovich
(scale invariant) power spectrum. Slow-roll inflationary
models predict that ns is very close to one. To study
more details for the spectrum, we should also concern
on the second-order term. A standard approach is the
logarithmic expansion to P (k) as below














The modification of the power spectrum due to new
physics can be highly model-dependent, nevertheless, we
can make as less as possible assumptions in our model.
The modified primordial power spectrum can be tested
with more and more observational CMB data with in-
creasingly precision. As we know Danielsson’s result of
the modification is
















where ξ = 4 × 10−4√ǫ/γ, and γ = Λ/Mp. The constant
kn corresponds to the largest scales measurable in the
CMB, chosen as 104h Mpc−1 as in Ref. [8].
51−2ε
ξ








FIG. 1: The marginalized contours (68%, and 95% confidence
levels) for the model only with new physics by fixing other
parameters.
We propose a general modified primordial power spec-
trum in form as

























HereMξ denotes the modulation due to new physics, and
MK stands for the modulation from the curvature. We
make a data fitting analysis to the obtained modified pri-
mordial power spectrum by using Monte Carlo techniques
as implemented in the publicly available CosmoMC code
[27] together with the likelihood code developed by the
WMAP team [2].
TABLE I: Models and parameters
Model Parameters in P (k)
(i) 6-parameter model ns = 1− 2ǫ
(ii) new physics (K = 0) ǫ, ξ
(iii) curvature (ξ = 0) ǫ,K
(iv) new physics + curvature ǫ, ξ,K
For comparisons, we consider four models with param-
eters summarized in Table 1 (the first is the “simplest”
six-parameter “standard” cosmology model and the other
three are modified ones with parameters more than six).
The parameters in our model are the six parameters in
the standard cosmology model plus two addition param-
eters that describe the new physics scale and the curva-
ture, respectively. Fig. 1 plots the marginalized contours










FIG. 2: The marginalized contours (68%, and 95% confidence















FIG. 3: The marginalized contours (68%, and 95% confidence
levels) for the model with both new physics and the curvature
by fixing other parameters.
is the marginalized contours of the parameters ns and
K for model (iii). For comparisons we plot Fig. 3 for
the marginalized contours of the parameters ξ and K of
model (iv), which can be regarded as a cross check being
consistent with the previous two figures for the two new
additional parameters. For model (ii) and (iv), we fix
other parameters by the standard values as input due to
the restriction of our computational resources. For model
(iv), we have numerically calculated the scalar spectrum
index ns and its running αs as a function of the wave
number k. Fig. 4 plots the relation between ns and αs,
which is consistent with the values fitted by the WMAP
team. Fig. 5 plots the relation between the contributions
of the two modulation terms in the primordial power
spectrum. The above global fitting figures are consis-
tent and these results show that a model for the general










FIG. 4: The relation between the scalar spectrum index and
its running. Here we take K = 10−6 and the solid, dashed,
and the dotted lines correspond to the parameters (ǫ, ξ) as
(0.024, 0.015), (0.024, 0.01), (0.02, 0.015), respectively.













FIG. 5: The relation between the contributions of the two
modulation terms in the primordial power spectrum. The
corresponding value of the parameters are the same as Fig. 4
primordial power spectrum with new physics scale and
positive curvature is slightly favored by WMAP three
data sets fittings.
VI. CONCLUSION AND DISCUSSION
We have obtained a general modulation formula to the
CMB primordial power spectrum due to both possibly
new physics and the curvature effect. The leading or-
der of additional terms in the modified primordial power
spectrum is H/Λ and K/k2, respectively. From the clas-
sical point of view, the effects of new physics can be
regarded as a reflection result by the boundary of the
momentum space, i.e., a mixture of the outward- and
inward-going waves. The curvature term before inflation
should not be too large, otherwise it will largely change
the observed power spectrums, and thus a fine-tuning
may be required. Nevertheless, it is reasonable to in-
clude the curvature generally and indeed it improves the
data fitting. To find the effects from the energy scale of
the possibly new physics and the curvature before infla-
tion, we employ the WMAP three year data to perform
a global fitting to our model. The result shows that H/Λ
term contribution is a few percent, which means that
the possibly new physics important to inflation happens
around the GUT scale that is consistent with previous
studies in literature. And a closed pre-inflation Universe
is slightly favored by the data fittings.
Another important issue in cosmology is to understand
the nature of the dark energy dominated current cosmic
speed-up expansion. It may be probable that the in-
flation and the dark energy can be described by a uni-
fied theory, which exhibits different dynamic and kine-
matic behaviors in the early high energy scale universe
and the later low energy scale universe evolutions. Some
approaches such as modified gravity [28] has been at-
tempted to explore such possibilities. The observational
cosmology has challenged the situation that the string
theory is believed as beyond the experimental science,
but cosmic observations will provide powerful data sets
to test the implications from high energy scale quantum
gravity, like string cosmology [29]. We can be sure that
the upcoming astrophysics missions, like Planck satellite
will open a new era for us to understand the underlying
physics in inflation scenario and dark energy mystery,
with expectations to conceive possibly new physics and
fundamental laws of Nature.
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